The azimuthally invariant cold-fluid equilibrium is obtained for a periodic, strongly bunched charged annular beam with an arbitrary radial density profile inside of a perfectly conducting cylinder and an externally applied uniform magnetic field. The selfelectric and self-magnetic fields, which are utilized in the equilibrium solution, are computed self-consistently using an electrostatic Green's function technique and a Lorentz transformation to the longitudinal rest frame of the beam. An upper bound on the maximum value of an effective self-field parameter for the existence of a bunched annular beam equilibrium is obtained. As an application of the bunched annular beam equilibrium theory, it is shown that the Los Alamos National Laboratory relativistic klystron amplifier experiment is operating slightly above the effective s elf-field parameter limit, and a discussion of why this may be the cause for their observed beam loss and microwave pulse shortening is presented. The existence of bunched annular beam equilibria is also demonstrated for two other high-power microwave (HPM) experiments, the relativistic klystron oscillator experiment at Air Force Research Laboratory and the backward wave oscillator experiment at the University of New Mexico. In general, the results of the equilibrium analysis will be useful in the determination of the stability properties of strongly bunched annular beams in HPM devices.
I. INTRODUCTION
In recent years, a number of high-power microwave (HPM) experiments have employed high-intensity bunched annular relativistic electron beams, such as the relativistic klystron amplifier (RKA) experiment at Los Alamos National Laboratory (LANL) [1] , relativistic klystron oscillator (RKO) experiment at Air Force Research Laboratory (AFRL) [2] , and the backward wave oscillator (BWO) at the University of New Mexico [3] . Since an annular beam typically has a transverse size, which is of the order of the conductor wall radius, the beam-wall interaction can be increased compared to the interaction of a pencil beam with a wall. The greater beam-wall interaction can advantageously provide a higher power microwave source. However, the increase in beam-wall interaction, especially when the beam becomes strongly bunched during highpower operation of such a device, may require a stronger magnetic field for beam focusing. Indeed, many HPM devices driven by annular beams suffer from considerable beam losses and the well-known problem of rf pulse shortening [1, 3] .
In previous papers [4, 5] , the authors had success in using a Green's function technique for modeling a strongly bunched pencil beam with negligibly small transverse size. A constraint was found on the maximum effective self-field parameter, 2 2 2 c p ω ω , which is a measure of the space charge in the beam for a given magnetic field strength. In the previous expression, p ω is the effective plasma frequency and c ω is the electron cyclotron frequency. This parameter limit agreed well with the self-field parameters of three periodic permanent magnet (PPM) klystron experiments, i.e., 50 MW-XL PPM [6, 7] , 75 MW-XP [6, 7] and the Klystrino [8] , which are all at the Stanford Linear Accelerator Center.
In this paper, we will examine the constraints on the maximum effective self-field parameter for a bunched annular beam with negligibly small longitudinal thickness in a perfectly conducting cylindrical pipe. The limit, which we will analyze in this paper, pertains to the equilibrium transport of the bunched annular beam with no beam loss in the pipe. Unlike the well-known space-charge limiting current, which was derived under the assumption of an infinitely strong axial guide magnetic field and an unbunched (continuous) beam [9] , the present limit applies to a bunched beam in a finite axial guide magnetic field. In particular, we develop a relativistic traveling-wave equilibrium fluid theory to model the transverse density distribution of the strongly bunched annular beam.
The electric field inside of the beam is completely self-consistent, i.e., the electric field includes contributions from the beam and the induced surface charge on the conductor wall. It is obtained through a Green's function technique.
By using density test functions to compute the maximum self-field parameters for annular beams, we compare theoretical parameter limits with those corresponding to three annular beam experiments -1.3 GHz RKA experiment at LANL [1] , 1.3 GHz RKO [2] experiment at AFRL, and the 9.4 GHz BWO [3] experiment at the University of New
Mexico. We note that the density functions used for modeling these experiments are in fluid equilibrium, but their stability is still unknown at the moment and will be studied in our future research. By performing a stability analysis involving radial and azimuthal perturbations on the beam equilibrium, one may find a lower value on the maximum self-
field parameter than what the cold-fluid equilibrium theory predicts.
In an earlier paper [10] , Prasad and Morales explored the equilibrium and wave properties of two-dimensional ion plasmas of finite temperature, T, inside of a pillbox conductor geometry. The plasma equilibrium was established by balancing the plasma pressure and the self-electric field, calculated from Poisson's equation, with an externally applied electric field due to the fixed potential walls of the conductor. They analyzed the wave attributes of the plasma in both the unmagnetized and magnetized cases, and discussed the plasma equilibrium in the cold plasma limit, i.e., 0 → T . However, in their analysis of the magnetized case, they treated the angular fluid velocity of the plasma as a perturbed quantity, and assumed that the equilibrium fluid velocity is zero. In a later paper [11] , Prasad and Morales analyzed the rigid-rotor equilibrium for a twodimensional ion plasma in the cold limit with an external magnetic field present. This model was assumed to be in free space, and hence, the effects of the conductor wall were not included. The equilibrium fluid analysis in our paper includes, the self-consistent treatment of the electric fields in the presence of the conducting wall, magnetic field confinement, and the non-zero angular fluid velocity of the beam. Unfortunately, there is no regime in which we can compare the present analysis with the earlier analyses in Refs. 4 The paper is organized in the following manner. In Sec. II, we discuss the selfconsistent cold-fluid periodic bunched annular beam equilibrium model with arbitrary transverse density profile. This presentation includes the self-consistent profiles for the self-electric and self-magnetic fields generated by the beam, the equilibrium fluid rotational profile of the beam, and a constraint on the maximum self-field parameter given the previously mentioned profiles. The derivations of the self-electric and selfmagnetic fields from a Green's function technique are given in the Appendix. In Sec. III, we demonstrate how the annular beam equilibrium model can be implemented numerically, which is necessary for modeling the annular beams of actual experiments.
Specifically, we discuss how to numerically solve for the relevant profiles mentioned in Sec. II, and obtain a numerical result for the maximum self-field parameter. We then apply the model three HPM experiments at the LANL, AFRL, and the University of New Mexico in Sec. IV. A summary and concluding remarks are provided in Sec. V.
II. TRAVELING-WAVE RELATIVISTIC EQUILIBRIUM MODEL
The charged particle beams utilized in high-power microwave devices, such as the Figure 1 illustrates the model.
In general, the bunch distribution has radial dependence, and can be written as,
where b N is the number of particles in a bunch, σ contains the radial dependence in the bunch density, and δ is the Dirac delta function. Equation (2) 
where ( ) For the traveling-wave equilibrium velocity and density profiles defined in (1) and (2) it is readily shown from the continuity equation,
that ( ) 
everywhere.
In the paraxial approximation, the equilibrium force balance equation is expressed as,
where self E is the self-consistent electric field due to the charge bunches and the induced charges on the conductor wall,
is the external focusing magnetic field, and self B is the magnetic field associated with the longitudinal motion of the beam.
Likewise, -e denotes the charge of an electron, e m is the rest mass of an electron, and c is the speed of light in a vacuum. The relativistic beam mass factor is given by ( )
, since the motion in the transverse direction is small compared to the longitudinal motion in the paraxial approximation. Note that we are implicitly assuming that the magnetic field due to the transverse motion of the beam is much smaller than the applied field. By enforcing azimuthal symmetry, we find that 
where c m eB
is the non-relativistic electron cyclotron frequency. Since the argument under the square root in equation (9) 
which must be satisfied everywhere ( ) 0 ≠ r σ . It proves useful to introduce the following dimensionless self-electric field,
From (7), we immediately find that
where
In order for (10) to be satisfied throughout the beam density profile, a maximum of the function ( ) r Γ , which we shall denote as max Γ , must exists.
In general, we can establish a space-charge limit on the beam, i.e., an upper bound on the self-field parameter, 
In the following sections, we will use equation (13) 
where the plus (minus) sign denotes the fast (slow) solution to the angular velocity 
III. NUMERICAL RESULTS
In this section, we apply the fluid theory formalism to bunched annular electron beams. As discussed in the Introduction, intense annular electron beams have been used in a variety of high-power microwave experiments, such as the relativistic klystron amplifier and oscillator and the backward wave oscillator. Annular electron beams can provide a higher beam-wall interaction than an equivalent pencil electron beam, and therefore, annular beams can offer better energy efficiency in certain experiments.
However, the increased beam-wall interaction may lead to beam loss or other deleterious effects.
Bunched annular beam distributions form a special class of solutions which selfconsistently solve the fluid theory discussed in the previous section. We define the geometry of an annular beam bunch by an inner radius, i r and an outer radius, o r .
Further, we assume that the beam density is zero for i r r ≤ and o r r ≥ . It is important that the radial density goes to zero sufficiently fast at the inner and outer radii, since the electric field defined by (7) will otherwise diverge near the beam edges. In order for the electric field to be finite at the edges, σ must go to zero at least as fast as In order to calculate numerically the electric field associated with a bunched annular beam, we must specify a radial density distribution. The choice of a radial density distribution, ( ) r σ , for an annular electron beam needs only to satisfy the requirements of being zero at the edges and piecewise continuous. We will demonstrate numerically that the space charge limit will vary only slightly by choosing a different density function.
The two density trial functions, a quadratic function and a tent function, with which we compare the space charge limits are given by 
In Fig. 2(a Notice that the maximum of Γ occurs slightly less than the outer radius of the beam We should also note two facts about the function ( ) , the fast and slow branches will intersect at one point within the beam, although it is not shown explicitly in Fig. 3 .
In order to have further confidence that the model is able to predict the critical selffield parameters for confinement when comparing to experiments, equation (13) should be approximately invariant for choice of ( ) r σ . Hence, we compare the predicted critical self-field parameters for the two trial functions, 1 f and 2 f in (15) decreases. This behavior is intuitively obvious, since the bunches of charge are radially compressed while keeping b N fixed; hence, the electric field will rise due to the increase in radial beam density.
IV. APPLICATION TO ANNULAR BEAM EXPERIMENTS
In this section, we will apply the bunched annular beam equilibrium theory to three experiments, namely, the 1.3 GHz RKA experiment at LANL [1] , the 1.3 GHz relativistic klystron oscillator (RKO) experiment at AFRL [2] , and the 9.4 GHz backward wave oscillator (BWO) experiment at the University of New Mexico [3] . All three of these experiments utilize an annular electron beam for high-power microwave generation, whose transverse size is comparable to the conductor wall. If the operating parameters of an annular beam experiment are such that equation (13) is violated, than the beam would not be in equilibrium once the beam is fully bunched during high-power operation of the experiment. Equilibrium could be achieved if the beam reduces space charge by a loss mechanism to the surrounding conducting wall, and such a mechanism is known to be a cause of microwave pulse shortening.
The motivation for comparing the RKA experiment at LANL with our theory is that this experiment reported microwave pulse shortening, as well as indications of beam loss and anomalous beam halo formation [1] . In Ref. 13 , the LANL group provided an analysis of a modulated space-charge current limit due to the large potential depression for HPM sources, which they claimed may be responsible for the amount of microwave power which can be extracted in their RKA experiment. However, their current limit does not include the effect of beam confinement by magnetic focusing, and hence, does not explain the beam halo formation or the beam loss often associated with microwave pulse shortening. We will show that the RKA experiment is operating slightly above the effective self-field parameter limit in equation (13) .
The other two experiments that we will examine, namely the AFRL RKO experiment [2] and the University of New Mexico BWO experiment [3] , will be shown to be operating below the critical limit in (13) . Although, the BWO experiment did measure beam loss it is most likely not due to the present theory (the BWO has a higher background gas pressure compared to the RKA and RKO experiments) [3] . The AFRL RKO experiment reached full beam transport without observing beam loss, which is in agreement with the current theory. The experiment did have microwave pulse length limitations that were most likely caused by rf gap voltage breakdown [2] . We have included these experiments in our paper for the sake of comparison with the LANL RKA experiment.
We use the quadratic density function (15) to approximate the radial density distribution. The space charge limit is then numerically computed by using (13) and the relevant experimental data, which is provided in Table 1 .
The parameters α and Using the experimental values from Table 1 , we compare the self-field parameter, 
In the case of the LANL RKA, the difference between inj γ and γ is approximately 6%.
However, the critical result of our theory, namely the effective space-charge density limit in (13) , is essentially unaffected by the choice of b γ in the typical parameter ranges for HPM sources, as we will now demonstrate.
In equation (13), we immediately see that the left-hand side is proportional to ( ) 
In this case, the predicted percentage of beam current loss would be about 5%.
Unfortunately, the authors were not provided with experimental measurement of beam current loss with which to compare this result. that if the beam reaches a bunched equilibrium, it will be well below the theoretical space-charge limit for an equilibrium to exists. 15 The fact that the experimental value of the self-field parameter for the BWO,
, is significantly lower than its critical value implies that this theoretical limit is probably not the cause of the observed microwave pulse shortening and beam loss.
While the density functions used for the experimental modeling are in fluid equilibrium, we have not established the stability of the equilibrium, which will be an important subject in our further investigation. Such a stability calculation will include both radial and azimuthal perturbations of the beam equilibrium in the fluid theory. If the bunched beam equilibrium is unstable, it may lead to a lower value of the self-field parameter for confinement of the bunched annular beam.
Our theory has also ignored the longitudinal component of the beam. The purpose for ignoring the longitudinal beam thickness was to simplify the theory. Our zero-thickness model, which we have developed in this paper, may be interpreted as an extreme form of a bunched beam. It produces the strongest coupling that a periodic charged beam can have to a perfectly conducting pipe, while still retaining the realistic finite transverse size.
The strong beam wall coupling has the effect of reducing the critical value of The LANL RKA experiment was fo und to be operating slightly above the critical space-charge limit for bunched beam equilibrium. Operation above the critical limit may have caused a percentage of the beam current to be lost to the wall, which in turn could lead to microwave pulse shortening.
The AFRL RKO and the University of New Mexico BWO experiments were both found to be operating well below the critical space-charge limit. This result agrees with the successful beam transport in the AFRL RKO experiment, but does not agree with the observed beam loss and microwave pulse shortening in the UNM BWO experiment.
While the bunched annular beam in the BWO experiment is well confined from the viewpoint of an equilibrium theory, the stability of the bunched beam equilibria remains to be determined in order to answer the question of whether or not beam loss occurs in this experiment. This will be an important subject for further investigation.
APPENDIX A: DERIVATION OF THE SELF-FIELDS
The equilibrium self-electric and self-magnetic fields, 
where r and r′ are the coordinates of the point of observation and the location of a point charge, respectively. The solution to equations (A5) and (A6) is given by [4] ( 
A further simplification is made by employing the relation [16] ( ) 
This concludes the derivation of (7) and (8) in Sec. II. 
